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Ferroelectric quantum criticality
S. E. Rowley1,2,3*, L. J. Spalek1†, R. P. Smith1, M. P. M. Dean1‡, M. Itoh4, J. F. Scott1, G. G. Lonzarich1*
and S. S. Saxena1,5*
Paramagnets on the border of ferromagnetism at low temperatures are more subtle and complex than anticipated by the
conventional theory of quantum critical phenomena. Could quantum criticality theory be more relevant in the corresponding
case of quantum paraelectrics on the border of ferroelectricity? To address this question we have investigated the temperature
dependence of the dielectric function of the displacive quantum paraelectrics SrTiO3 , oxygen-18 substituted SrTiO3 and KTaO3 .
In all of these materials on the border of ferroelectricity we observe non-classical T 2 temperature dependencies of the inverse
dielectric function below 50 K, followed by anomalous upturns below a few kelvin extending into the millikelvin range. This
non-classical behaviour can be understood quantitatively without adjustable parameters in terms of quantum criticality theory
when extended to include the effects of long-range dipolar interactions and the coupling of the electric polarization field with
acoustic phonons. The quantum critical regime in displacive ferroelectrics is thus strikingly different from that in the betterknown ferromagnetic counterparts and offers unexpected prospects in the field of quantum phase transitions.

T

he study of classical critical phenomena has led to the
development of a number of fruitful concepts of surprisingly
far-reaching relevance in science. The corresponding study
of the quantum analogue of critical phenomena might be expected
to be no less important. However, in practice, quantum critical
behaviour can be masked by the occurrence of first-order quantum
phase transitions or the emergence of unexpected or exotic forms
of quantum order (for example, refs 1–6). Examples of such
complicating but intriguing effects on the border of metallic
ferromagnetism at low temperature are given in Fig. 1. Despite
extensive searches over the past few decades, simple examples of
quantum critical behaviour have been difficult to find. Notable
exceptions would seem to include certain frustrated layered
magnetic insulators that exhibit field-tuned transitions between
paramagnetic to antiferromagnetic states accompanied by subtle
forms of dimensional reduction7–10 . In this Article we show that
certain materials on the border of ferroelectric order at low
temperatures, namely certain displacive quantum paraelectrics11 ,
exhibit quantum criticality uninterrupted over a wide temperature
range by either first-order transitions or new forms of quantum
order that seem to be ubiquitous in the corresponding quantum
paramagnetic systems of the kind illustrated by Fig. 1.
The ferroelectrics differ from quantum magnets in a number of
ways and have traditionally formed independent subjects of study
(Table 1). In particular, the ferroelectrics described here exhibit
transitions between homogeneous states without the application of
symmetry breaking fields and do not involve the complication of
dimensional reduction. The effective dimension in the quantum
critical description is intriguingly the marginal dimension of three
plus one, that is, three space dimensions plus one time dimension
as is the case in elementary particle physics, rather than three
plus two or two plus two as in the above quantum magnets.
Furthermore, the electric dipoles in ferroelectrics do not exhibit

quantum precession phenomena, which can lead in principle to
subtle effects in spin systems1,12 . These effects are described by
non-trivial terms in the effective action of a kind that interestingly
do not arise in the ferroelectrics. Finally, we note that ferroelectrics
offer the possibility of electric field rather than magnetic field
tuning for certain applications, such as in solid-state refrigeration
technologies and tuning of carrier concentrations for the control of
superconducting and other properties13,14 .
Early descriptions of critical phenomena on the border of
continuous phase transitions in the limit of absolute zero were based
on φ 4 -quantum field models (for example, refs 15–17 for the case
of quantum paraelectrics and ref. 1 more generally). They differ
from the Ginzburg–Landau–Wilson models of classical critical
phenomena by the inclusion of the dynamics of the order parameter
field φ(r, τ ), which can represent a coarse-grained magnetic or
electric polarization as a function of the spatial coordinate r and
temporal coordinate τ . In quantum statistical mechanics, τ is an
imaginary time that has a finite range at non-zero temperature,
0 < τ < ~/(kB T ) (ref. 1). This approach leads to a model of
critical phenomena with both spatial and temporal dimensions.
The effective dimension for quantum criticality can be taken to
be deff = d + z, where d is the spatial dimension and z is the
dynamical exponent defined by the dispersion relation, ωq ∼ qz ,
that is, the wavevector dependence of the frequency spectrum ωq
of fluctuations of the order parameter field at a small wavevector q.
In this description, quantum critical behaviour is analogous to
the classical counterpart, but in a higher dimension; importantly,
the temporal dimension is of a finite size, which is determined
by the temperature. An intriguing consequence of this higher
dimensionality is that the self-consistent field approximation of the
φ 4 -field model, which is not strictly applicable in the classical limit
in normal materials near to the critical point, might be relevant in
the quantum limit if deff is not below four, that is, in three spatial
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Table 1 | Comparison of electric and magnetic dipole systems.

Origin of dipole
Dipole interaction
Short-range interaction
Origin of anisotropy
Phase transitions
Dynamics
Tuning parameter

Ferroelectric materials

Ferromagnetic materials

Charge separation (no intrinsic angular momentum)
Coulomb (strong)
Elastic coupling
Crystal electric fields
Often first order, non-mean field behaviour rare
Generally propagating atomic vibrations
Electric field (voltage gating)

Charge flow (intrinsic spin angular momentum)
Ampere (weak relativistic)
Exchange coupling
Spin-orbit coupling
Often second order, non-mean field behaviour observed
Precessional and dissipative spin fluctuations
Magnetic field

Despite seeming similar, electric and magnetic dipole systems in fact exhibit important differences.

Table 2 | Quantum criticality on the border of displacive ferroelectricity
and metallic ferromagnetism.

NL–MFL

Temperature

Displacive ferroelectric
quantum critical point*
Fluctuation
spectrum
z(κ → 0)
deff
χ (T)

FM
QTC
Field
FM–SC

MM

ST

NP

ωq ∝ κ 2 + q2
1
4
1/T 2

1/2

Metallic ferromagnetic
quantum critical point†
Γq ∝ q κ 2 + q2



3
6
1/T 4/3

The table presents the dispersion relation ωq versus wavevector q, dynamical exponent z,
effective dimension deff = d + z, and quantum critical exponent of the order parameter
susceptibility χ(T), in the self-consistent-field approximation to the quantum φ 4 -field model
for a multiaxial displacive ferroelectric and for a metallic ferromagnet in three dimensions
(d = 3). The self-consistent field approximation is expected to be qualitatively correct for
deff >4 and predicts χ(T)∼ 1/T γ , where γ = (deff −2)/z at the quantum critical point. In the
dispersion relation, κ is a correlation wavevector that vanishes at the quantum critical point.
The fluctuation spectrum for an itinerant-electron ferromagnet is characterized by a relaxation
rate Γq versus q. The origin of the above non-classical temperature dependence of χ(T) is
discussed in the Supplementary Information. ∗ A logarithmic correction to χ (T) is expected, as
in this case deff is equal to the upper critical dimension. † Excluding non-analytical corrections
arising from transverse magnetic fluctuations.

NP
ST–SC
Density

Figure 1 | Temperature–magnetic field–density phase diagram on the
border of metallic ferromagnetism. Qualitative form of the phase diagram
predicted in a quantum Ginzburg–Landau–Wilson model with an attractive
mode–mode coupling term (attractive φ 4 term) in the low-temperature
limit. With increasing density, or applied pressure, a second-order
ferromagnetic transition line bifurcates at a tricritical point into two sheets
of first-order metamagnetic transitions. Selected examples of phenomena
observed on the border of metallic ferromagnetism (FM) and
metamagnetism (MM) are indicated (ref. 6): NL-MFL = non-local marginal
Fermi liquid in ZrZn2 ; FM-SC = ferromagnetism and superconductivity in
UGe2 ; QTC = quantum tri-criticality in Ni3 Ga; ST = spin texture
(skyrmions) in MnSi; ST-SC = spin-triplet superconductivity on the border
of ferromagnetism in M2 RuO4 (M stands for Sr or Ca) and NP = electron
nematic phase in Sr3 Ru2 O7 .

dimensions if the dynamical exponent is not less than unity. A
weakly varying logarithmic correction to the self-consistent field
approximation that arises for the case of the marginal dimension,
deff = 4 (refs 17 and 18), will be discussed below.
The predictions of the above quantum criticality model in the
self-consistent field approximation are compared and contrasted
for simple systems on the border of metallic ferromagnetism and
displacive ferroelectricity in Table 2. The results are for three spatial
368

dimensions in the absence of frozen-in disorder. A dynamical
exponent of three for the border of metallic ferromagnetism is
that predicted by the self-consistent-renormalization model (ref. 6
and references therein). This leads to an effective dimension, deff ,
of six and a critical exponent of 4/3 for the inverse magnetic
susceptibility, that is, 1/χ (T) ∼ T 4/3 . A dynamical exponent of unity
on the border of displacive ferroelectricity is that predicted by
the self-consistent-phonon model in the limit of a vanishing gap
of the transverse optical mode15–17,19–28 . This leads to an effective
dimension of four and thus a critical exponent for the inverse
susceptibility of essentially two, that is, 1/χ (T) ∼ T 2 .
Interestingly, the predicted behaviour for the temperature
dependence of 1/χ (T) on the border of metallic ferromagnetism has
not been unambiguously observed. The breakdown of the quantum
criticality model in this case may be attributed in general to the
emergence of first-order transitions and a multiplicity of quantum
critical fields (see Fig. 1 and references cited in the accompanying
caption). These effects may be traced back, at least in part, to the
existence of a high density of gapless electron–hole excitations on
the Fermi surface, which is a chief characteristic of the metallic state.
The theory of quantum criticality might be expected to have
greater relevance to the case of ferroelectricity in semiconductors
or insulators in which electron–hole excitations are fully gapped
and their role at low temperatures limited to a straightforward
renormalization of the parameters in the φ 4 -quantum field
description. This simplification could be offset by a new
NATURE PHYSICS | VOL 10 | MAY 2014 | www.nature.com/naturephysics
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complication, namely, the presence of the long-range dipole–
dipole interaction that can be several orders of magnitude stronger
than that in the corresponding ferromagnetic materials, in which
the dipole–dipole interaction is relativistic. A number of analyses
have shown, however, that the long-range interaction leads
principally to a suppression of longitudinal fluctuations of the
electric polarization, that is, fluctuations in the component of
the order parameter field parallel to the wavevector, which lead
to fluctuations of the bound charge density and thus to high
excitation energies16,18,22,29–33 . As in the case of gapped electron–hole
excitations, the role of the dipolar interaction is thus to renormalize
the parameters of the φ 4 -quantum field model, in which only
transverse polarization fluctuations are critical, that is, gapless (at
the centre of the Brillouin zone) in the quantum critical regime.
The applicability of the φ 4 -quantum field model in the selfconsistent field approximation might also fail in the case of
quantum paraelectrics as a result of other effects, including
the presence of marginal dimensionality17,22 (deff = 4 in a cubic
material) and the coupling of the order parameter field to the strain
field—that is, to acoustic phonons16,26 . Despite these potential
complexities, and in contrast to the behaviour observed on the
border of metallic ferromagnetism, we find that the φ 4 -quantum
field model in the self-consistent field approximation is relevant to
the displacive quantum paraelectrics SrTiO3 , oxygen-18 substituted
SrTiO3 and KTaO3 that crystallize in the cubic perovskite
structure at room temperature and for which d is essentially three
(Supplementary Information).
In particular, as shown in Figs 2a and 3a, the inverse dielectric
function, 1/ε(T), which essentially equals 1/χ (T) under our
conditions, exhibits the predicted non-classical T 2 temperature
dependence over a wide range below approximately 50 K. The
T 2 regime is wider, as expected, in the material with the higher
dielectric function in the limit of absolute zero, namely, in SrTiO3 ,
which is closer to the ferroelectric quantum phase transition than
KTaO3 . The T 2 variation is expected to cross over to an exponential
form at very low temperatures if the gap of the transverse optical
mode does not vanish. As shown in the lower insets of Figs 2a and
3a, the inverse dielectric functions instead exhibit shallow minima
and upturns that extend into the millikelvin range. This behaviour
is qualitatively of the form expected from the effects of the abovementioned coupling of the order parameter field with acoustic
phonons, namely, the electrostrictive effect16,26 .
To check that the origins of the T 2 temperature variation and
low-temperature upturn of the inverse dielectric function have been
correctly identified, we have carried out a numerical calculation
of the prediction of the φ 4 -quantum field model extended to
include the coupling of φ with the lattice strain field, that is, with
acoustic phonons. The parameters of the model were not adjusted
to fit the temperature variation, but were instead determined
from independent measurements in the low-temperature limit.
The magnitudes of the parameters and the way in which they
were determined are presented in Supplementary Table I and
the accompanying caption. The parameters are independent of
temperature and the temperature variation of the dielectric function
is determined entirely through the φ 4 -quantum field model itself,
in the self-consistent field approximation. The results shown in
Figs 2b and 3b are sufficiently similar to the experimental results
in Figs 2a and 3a to suggest that the origin of the T 2 variations
and low-temperature upturns in the inverse dielectric function have
been correctly identified. A schematic of the expected dimensionless
temperature–pressure phase diagram for the parameters relevant to
SrTiO3 is shown in Fig. 4.
Long-range ferroelectric order can be induced in SrTiO3 at low
temperatures by the substitution of 16 O by the isotope 18 O, with
a maximum Curie temperature of approximately 25 K in fully
substituted crystals34,35 . By varying the 18 O content we tuned single
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Figure 2 | Temperature dependence of the inverse dielectric function
1/ε(T) in SrTiO3 . a, Measured inverse dielectric function plotted against
the square of the temperature up to approximately 50 K. The lower inset is
an expanded view at low temperature, which exhibits an upturn below 4 K,
measured with high precision43,44 . The upper inset illustrates the unit cell
of SrTiO3 in its room-temperature cubic perovskite structure. b, Calculated
inverse dielectric function in the quantum criticality model described in the
text and Supplementary Information. The basic model parameters are given
in Supplementary Table I. The dimensionless electrostrictive coupling
parameter λ and velocity ratio η, defined in Supplementary Information, are
approximately 0.03 (ref. 45) and 2 (ref. 46), respectively.

crystals of SrTiO3 through its quantum critical point and measured
the evolution of the temperature dependence of the inverse dielectric
function (Fig. 5). The results are once again quantitatively consistent
with the predictions of the quantum criticality model described here
without the use of adjustable parameters (Fig. 5 insets). We have
also considered the effect of quenched disorder, which inevitably
arises in the preparation of sintered or doped samples. As shown in
Supplementary Fig. I, the non-classical T 2 temperature dependence
of the inverse dielectric function in SrTiO3 is a robust phenomenon
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Figure 3 | Temperature dependence of the inverse dielectric function
1/ε(T) in KTaO3 . a, Measured inverse dielectric function plotted against
the square of the temperature. The lower inset is an expanded view at low
temperature, which exhibits an upturn below 4 K. The upper inset
illustrates the unit cell of KTaO3 in its cubic perovskite structure.
b, Calculated inverse dielectric function in the quantum criticality model
described in the text and Supplementary Information. The basic model
parameters are given in Supplementary Table I. The dimensionless
electrostrictive coupling parameter λ and velocity ratio η, defined in
Supplementary Information, are approximately 0.02 (ref. 47) and
2 (ref. 48), respectively.

that is relatively insensitive to the kind of disorder that arises from
the effects of sintering.
Other possible causes for the anomalous minima in the inverse
dielectric function of pure SrTiO3 and KTaO3 have also been
considered. In particular, the role of frozen-in disorder seems
to be ruled out by the relative insensitivity of the position and
depth of the minima to sample purity and measurement frequency
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Figure 4 | Phase diagram for a displacive ferroelectric. The phase diagram
is based on the quantum φ 4 -field model described in the text and defined
more fully in Supplementary Information. It is characterized by four model
parameters, three of which, a, b and c, are defined by the T = 0 static
equation of state ε0 E = aP+bP3 − c∇ 2 P, where E is the electric field and P is
the polarization, and the fourth parameter, ν, is the sound velocity for the
critical transverse optical mode. The vertical axis is the temperature
normalized to the effective Debye temperature θ = }νΛ/kB , where Λ is the
Debye wavevector, while the horizontal axis is the ratio a/c normalized to
Λ2 . For positive values of a, the ratio a/c corresponds to the square of the
zero-temperature correlation wavevector, which vanishes at the quantum
critical point separating the ferroelectric and paraelectric states at absolute
zero. The quantum tuning parameter can be varied, for example, by the
application of hydrostatic pressure, by isotopic substitution as in the case
of SrTi(18 O16
x O1−x )3 , or by chemical substitution as in the case of
Sr1−x Cax TiO3 . The calculations are based on the parameters for SrTiO3
(Supplementary Information) for both positive and negative values of the
parameter a. The shading highlights the expected critical quantum
paraelectric regime characterized by an approximately quadratic
temperature dependence of the inverse dielectric function, as seen in
SrTiO3 , the 18 O substituted SrTiO3 and KTaO3 (Figs 2, 3 and 5). The
crossover from the low-temperature T 2 behaviour to the high-temperature
classical behaviour arises at temperatures on the order of 50 K–100 K
in all of the above materials in both the model calculations and experiment.
As explained in Supplementary Information, in the low-temperature
limit and as a tends to zero, the T 2 inverse dielectric function (more
precisely, the inverse susceptibility) and the Curie temperature may be
expressed in terms of the basic model parameters
in the closed forms:
p
χ −1 = a+(5ε0 kB2 b/(18}cν))T 2 and kB TC = 18}cν |a|/(5ε0 b), respectively.
We note that the low-temperature limit for χ(T) near to the ferroelectric
quantum critical point is very different from that predicted by the
Barrett formula sometimes used to describe quantum paraelectrics.
The range of applicability of the Barrett formula, which is not applicable
near to a ferroelectric quantum critical point, is discussed in
Supplementary Information.

(Supplementary Information). The role of residual dipole–dipole
interactions beyond those already discussed28 is estimated in terms
of realistic parameters to be less important than that of the coupling
to acoustic phonons. Finally, logarithmic corrections at the marginal
dimension (three plus one in our case; refs 17,22) are not expected
to produce a minimum in 1/ε(T ), and numerical analyses predict
NATURE PHYSICS | VOL 10 | MAY 2014 | www.nature.com/naturephysics

© 2014 Macmillan Publishers Limited. All rights reserved.

NATURE PHYSICS DOI: 10.1038/NPHYS2924

ARTICLES

SrTi(18Ox16O1-x)3

20

TC2 (K2)

600

15

400
200

100

18O(%)

50
20

10

1/ε (× 105)

1/ε (× 105)

0

x = 45%

5

Model
10

x = 45%

0
0

0

1,000

2,000
T2 (K2)
2,000

T2 (K2)

Finally, we note that the non-classical behaviour of a critical
quantum paraelectric may be relevant to understanding related
phenomena in other systems, perhaps including supersolids, which
remain enigmatic37,38 . The phase diagrams on the border of
ferroelectric quantum critical points in general are likely to show,
on still closer examination than presented here, some of the
complexities depicted in Fig. 1. First-order transitions and tricritical points are not infrequently observed in ferroelectrics, and
indications of non-trivial textured states have been reported. The
high dielectric constant of SrTiO3 is thought to play a role in the
formation of an unusual kind of superconductivity when carriers
are introduced by chemical doping39–41 , ionic liquid gating13 , or
other means42 . Pairing seems to arise in the intriguing anti-adiabatic
regime at low densities, where the Fermi energy of the itinerant
carriers is much lower than the characteristic energies of the
phonons believed to mediate the electron–electron attraction. The
recent discoveries of superconductivity in gated SrTiO3 (ref. 13) and
KTaO3 (ref. 14), in particular, are leading to a re-examination of
the non-BCS anti-adiabatic regime that continues to pose a major
challenge to theory.
Received 04 January 2013; accepted 14 February 2014;
published online 30 March 2014
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Figure 5 | Temperature dependence of the inverse dielectric function
1/ε(T) in SrTi(18 O16
x O1−x )3 . The main figure gives an example of the
observed inverse dielectric function versus the square of the temperature
up to approximately 50 K for an intermediate value of x (x = 0.45). The
upper inset presents the square of the Curie temperature, TC , versus x over
the entire range 0 < x < 1 (also ref. 34). The solid line in the upper inset is
the prediction of the model presented in the text (Supplementary
Information) with the parameter set (b, c, ν) for x = 0 that can be inferred
from Supplementary Table I, and the value of a varying linearly with x. The
solid line is defined by the two conditions x ≈ 1/3 at a = 0 (where TC = 0)
and a ≈ −7 × 10−5 at x = 1. This value of a at x = 1 is consistent with
estimates in the range from −5 × 10−5 to −10 × 10−5 inferred from our
dielectric constant measurements24 and those of the optical gap49,50 for
SrTi18 O3 , in the low-temperature limit. Lower insert: prediction of the
quantum criticality model as in Fig. 1, but based on the above parameters
and excluding the electrostrictive effect.

that they are unobservably weak under our experimental conditions.
The logarithmic correction and effects of electrostriction beyond
those considered here could lead to an attractive coupling of critical
modes and a first-order transition very close to the ferroelectric
quantum phase transition (Supplementary Information). This effect
might be suppressed by quenched disorder arising, for example,
in specimens in which quantum tuning is achieved by chemical
or isotopic substitution. To minimize this problem in the case
of isotopic substitution, 16 O might be replaced entirely by 18 O to
produce a homogeneous ferroelectric with a starting transition
temperature of approximately 25 K that can be tuned to zero
without introducing quenched disorder by the application of
hydrostatic pressure34,36 .
In summary, we find that, in contrast to the border of metallic
ferromagnetism, the border of displacive ferroelectricity can exhibit
an elementary form of quantum critical phenomena that can
be understood in terms of a quantum generalization of the
Ginzburg–Landau–Wilson theory over a wide temperature range.
The mysterious upturn in the inverse dielectric function at very
low temperatures can be understood within the same theory,
extended to include the electrostrictive effect. This constitutes the
first such description of the quantum regime on the border of
ferroelectricity in terms of independently measured temperatureindependent model parameters.
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